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VANISHING OF EXT-FUNCTORS AND FALTINGS’ ANNIHILATOR
THEOREM FOR RELATIVE COHEN-MACAULAY MODULES
KH. AHMADI AMOLI, M. MAST ZOHOURI AND S. O. FARAMARZI
Abstract. Let R be a commutative Noetherian ring, a, b be two ideals of R, and
M be a finite R-module. Some vanishing and relative Cohen-Macaulayness of Ext-
functors based on RCMF modules are studied. It is shown that over an arbitrary
Noetherian ring, the Faltings’ Annihilator Theorem holds for any relative Cohen-
Macaulay module M w.r.t a with Supp(M/aM) \ V(b) 6= φ. A number of new
results have been derived of the finiteness dimension fa(M) ofM relative to a. Also,
some applications of relative Cohen-Macaulay modules w.r.t a have been shown.
1. Introduction
Throughout this paper, R is a commutative Noetherian ring with identity of positive
Krull dimension n, a and b two ideals of R and M is a finite R-module of positive
dimension d. We denote by H ia(M) the ith local cohomology module of M supported
in a. Before formulating the results of the paper we recall some related concepts.
Based on [17, Definition 2.2], a finite R-module M is called relative Cohen-Macaulay
w.r.t a if there is precisely one non-vanishing local cohomology module of M w.r.t a.
Clearly this is the case if and only if grade(a,M) = cd(a,M), where cd(a,M) is the
largest integer i for which H ia(M) 6= 0 and grade(a,M) is the least integer i for which
H ia(M) 6= 0. This concept has a connection with a notion which has been studied
under the title of cohomologically complete intersection ideals in [12]. The present
authors studied some properties of relative Cohen-Macaulay rings and modules in [14]
and [15].
In view of [3, Definition 2.1], the increasing filtration M = {Mi}
c
i=0 of submodules of
M with c = cd(a,M) is called the cohomological dimension filtration of M if for all
integer 0 ≤ i ≤ c, Mi is the largest submodule ofM such that cd(a,Mi) ≤ i. Recently,
in [14], we have defined and studied the concept of relative Cohen-Macaulay filtered
modules w.r.t a (abbreviated as RCMF modules w.r.t a) as follows. LetM = {Mi}
c
i=0
be the cohomological dimension filtration of submodules of M , where c = cd(a,M).
Then M is said to be a relative Cohen-Macaulay filtered module (relative sequentially
Cohen-Macaulay module) w.r.t a, whenever Mi = Mi/Mi−1 is either zero or an i-
cohomological dimensional relative Cohen-Macaulay module w.r.t a for all 1 ≤ i ≤ c
(see [14, Definition 2.3]).
Recall that the finiteness dimension fa(M) of M relative to a is defined as
fa(M) := inf{i ∈ N0 : H
i
a(M) is not finitely generated},
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if there exists and +∞ otherwise. Another formulation is the b-finiteness dimension
of M relative to a which is defined as
f ba (M) := inf{i ∈ N0 : b * Rad(0 :R H
i
a(M))},
which is either a positive integer or +∞.
Moreover, the b-minimum a-adjusted depth λba(M) of M is defined as
λba(M) := inf{depthMp + height(a+ p)/p : p ∈ Spec(R) \ V(b)},
which is either a positive integer or +∞ where V(b) denotes the set of prime ideals
containing b.
The paper is divided into 3 sections. In section 2, we study vanishing and relative
Cohen- Macaulayness of Ext-functors for RCMF modules with respect to an ideal.
In fact, in [13, Theorem 1.4], the Peskine’s characterization of sequentially Cohen-
Macaulay modules is presented in terms of Ext-groups in the graded case. Also,
in [14, Definition 2.10], we have defined cohomological canonical module of M as
HomR(H
cd(a,M)
a (M), ER(k)) an denoted it by K(M). As a main result of this paper
we prove the following result.
Let (R,m) be a relative Cohen-Macaulay local ring w.r.t a with cd(a, R) = c and
K(R) be its cohomological canonical module. Assume that M is an RCMF module
w.r.t a with the filtration in Lemma 2.4 and ci = cd(a,Mi/Mi−1) for all 1 ≤ i ≤ r.
Then Extc−ciR (M,K(R))
∼= Extc−ciR (Mi/Mi−1, K(R)) is relative Cohen-Macaulay w.r.t
a of cohomological dimension ci for some 1 ≤ i ≤ r and Ext
j
R(M,K(R)) = 0 if
j /∈ {c − c1, . . . , c − cr}. Consequently, in Corollary 2.6, we partially show a similar
result for RCMF R-modules w.r.t a, where R is an arbitrary commutative Noetherian
ring. More precisely, we show that if (R,m) is a local ring which is relative Cohen-
Macaulay w.r.t a with cd(a, R) = c and M is an RCMF module w.r.t a, then the
modules Extc−iR (M,K(R)) are either zero for all 0 ≤ i ≤ cd(a,M) or relative Cohen-
Macaulay w.r.t a of cohomological dimension i.
Section 3 is devoted to examine the behavior of the notion fa(M) more closely as the
annihilators of local cohomology modules is of crucial importance for researches in
local cohomology. In analogy with the notation a(M) = a0(M) . . . ad−1(M) in a local
ring (R,m), defined in [6] and [18], where ai(M) is the annihilator of H
i
m(M) for all
0 ≤ i ≤ d− 1, we define the following notation for an R-module M and an ideal a of
R with h := heightM(a), where R is not necessarily local. We set
a′(M) := a′0(M) . . . a
′
h−1(M)a
′
h+1(M) . . . a
′
d(M),
where a′i(M) = AnnR(H
i
a(M)) for all 0 ≤ i ≤ d and i 6= h and give some results
concerning this notation.
One question about the annihilation of local cohomology modules is that, which ideals
annihilate the local cohomology modules, and the classical theorem of this subject is
Faltings’ Annihilator Theorem (see [9]). Faltings’ Annihilator Theorem states that,
if R is a homomorphic image of a regular ring or if R has a dualizing complex, then
for every choice of ideals a and b of R, λba(M) = f
b
a (M). There are some improve-
ment of the conditions of this theorem (see for example [5]). In Theorem 3.7, as one
of our main result of this paper, we shall show that over an arbitrary Noetherian
ring R, the Faltings’ Annihilator Theorem of local cohomology modules holds for any
relative Cohen-Macaulay R-module M w.r.t a whenever Supp(M/aM) \ V(b) is not
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empty. As a particular case of this main result we conclude that on a Noetherian
local ring (R,m), if M is a Cohen-Macaulay R-module, then fRm (M) = λ
R
m(M). As
it is mentioned in Remark 3.9, if M is a relative Cohen-Macaulay R-module w.r.t a,
fa(M) is the largest number in which H
fa(M)
a (M) is not Artinian. In contrast, Proposi-
tion 3.10 presents an Artinian submodule of such modules. Corollary 3.11 determines
the behavior of the finiteness dimension of modules respect to non-zerodivisors, where
the underlying module is relative Cohen-Macaulay w.r.t a. Some characterizations of
fa(−) are provided via ring homomorphisms (Corollaries 3.12 and 3.14). Furthermore,
we present two classes of modules, “multiplication” and “semidualizing” modules that
satisfy fa(M) = fa(R) (Corollaries 3.16 and 3.18). It is well-known that if R is a com-
plete Cohen-Macaulay local ring, then wR = HomR(H
n
m(R), E(R/m)) is a canonical
module of R. We end this section by Corollary 3.19 which shows that for a relative
Cohen-Macaulay local ring R w.r.t a, fa(wR) = fa(R) where wR denotes the canonical
module of R.
For unexplained notation and terminology about local cohomology modules, we refer
the reader to [5].
2. Vanishing and relative Cohen-Macaulayness of Ext-functors based
on RCMF modules
This section is devoted to deal with vanishing and relative Cohen-Macaulayness of
Ext-functors for RCMF modules w.r.t a. We begin by recalling the following.
Definition 2.1. (see [14, Definition 2.3]) Let M be a finite R-module and M =
{Mi}
c
i=0 be the cohomological dimension filtration of submodules of M , where c =
cd(a,M). M is called a relative Cohen-Macaulay filtered module (relative sequentially
Cohen-Macaulay module) w.r.t a, whenever Mi = Mi/Mi−1 is either zero or an i-
cohomological dimensional relative Cohen-Macaulay module w.r.t a for all 1 ≤ i ≤ c.
Let us abbreviate this notion by RCMF.
Definition 2.2. (see [14, Definition 2.10]) Let (R,m, k) be a local ring and M be a
finite R-module with cd(a,M) = c. For i 6= c, the ith cohomological deficiency module
of M is defined by
Kia(M) := DR(H
i
a(M)) = HomR(H
i
a(M), ER(k)).
The module K(M) := Kca(M) is called the cohomological canonical module ofM . Note
that Kia(M) = 0 for all i < 0 or i > c.
Lemma 2.3. (see [17, Theorem 4.3]) Let (R,m) be a relative Cohen-Macaulay local
ring w.r.t a with cd(a, R) = c and K(R) be its canonical module. For all 0 ≤ t ≤ c
and all relative Cohen-Macaulay R-module M w.r.t a with cd(a,M) = t, we have
(i) ExtjR(M,K(R)) = 0 for all j 6= c− t.
(ii) Extc−tR (M,K(R)) is a relative Cohen-Macaulay module w.r.t a of cohomological
dimension t.
The next lemma turns out directly from Definition 2.1.
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Lemma 2.4. Let M be an RCMF R-module w.r.t a with its filtration as 0 = M0 ⊂
M1 ⊂ . . . ⊂Mr = M where r = cd(a,M). Then for each 0 ≤ i ≤ r, the module M/Mi
is RCMF w.r.t a with the filtration 0 = Mi/Mi ⊂Mi+1/Mi ⊂ . . . ⊂Mr/Mi =M/Mi.
In order to prove Corollary 2.6, we prove the following.
Theorem 2.5. Let (R,m) be a relative Cohen-Macaulay local ring w.r.t a with cd(a, R) =
c and K(R) be its cohomological canonical module. Assume that M is an RCMF mod-
ule w.r.t a with the filtration in Lemma 2.4 and ci = cd(a,Mi/Mi−1) for all 1 ≤ i ≤ r.
Then Extc−ciR (M,K(R))
∼= Extc−ciR (Mi/Mi−1, K(R)) is relative Cohen-Macaulay w.r.t
a of cohomological dimension ci for some 1 ≤ i ≤ r and Ext
j
R(M,K(R)) = 0 if
j /∈ {c− c1, . . . , c− cr}.
Proof. The proof is by induction on r. For r = 1, M = M1/M0 is relative Cohen-
Macaulay w.r.t a. Hence, by Lemma 2.3, ExtjR(M,K(R)) = 0 for all j 6= c − 1
and Extc−1R (M,K(R)) is relative Cohen-Macaulay w.r.t a of cohomological dimension
one. (Note that c1 = cd(a,M1/M0) is equal to one) Now, assume that r > 1 and,
inductively, the assertion is true for r − 1. From the short exact sequence
0 −→M1 −→M −→ M/M1 −→ 0,
we get the following long exact sequence
. . . −→ ExtjR(M/M1, wR) −→ Ext
j
R(M,wR) −→ Ext
j
R(M1, wR)
−→ Extj+1R (M/M1, wR) −→ . . .
By Lemma 2.3, ExtjR(M1, K(R)) = 0 for all j 6= c − c1 and Ext
c−c1
R (M1, K(R)) is
relative Cohen-Macaulay w.r.t a with cohomological dimension c1. Thus we get the
following exact sequence
0 −→ Extc−c1R (M/M1, K(R)) −→ Ext
c−c1
R (M,K(R)) −→ Ext
c−c1
R (M1, K(R))
−→ Extc−c1+1R (M/M1, K(R)) −→ Ext
c−c1+1
R (M,K(R)) −→ 0,
and the isomorphisms ExtjR(M/M1, K(R))
∼= Ext
j
R(M,K(R)) for all j 6= c−c1, c−c1+
1. On the other hand, M/M1 is RCMF module w.r.t a by Lemma 2.4 and M1/M1 ⊂
M2/M1 ⊂ . . . ⊂ Mr/M1 = M/M1 is the relative Cohen-Macaulay filtration w.r.t a of
length r−1. Therefore by inductive hypothesis and Lemma 2.4, ExtjR(M/M1, K(R)) =
0 for j /∈ {c−c2, . . . , c−cr}. (Note that cd(a,Mi/M1/Mi−1/M1) is equal to ci for all 2 ≤
i ≤ r.) This implies that Extc−c1R (M/M1, K(R)) = 0 and Ext
c−c1+1
R (M/M1, K(R)) = 0.
So by the last exact sequence we have Extc−c1R (M,wR)
∼= Extc−c1R (M1, K(R)) is relative
Cohen-Macaulay w.r.t a of cohomological dimension c1 and Ext
c−c1+1
R (M,K(R)) = 0.
Thus we get the isomorphism ExtjR(M/M1, K(R))
∼= Ext
j
R(M,K(R)) for all j 6= c−c1.
This implies that ExtjR(M,K(R)) = 0 for all j /∈ {c− c1, c− c2, . . . , c− cr}. Now, by
this procedure, considering the filtration Mi/Mi ⊂ Mi+1/Mi ⊂ . . . ⊂M/Mi for M/Mi
we get the assertion by induction. 
Corollary 2.6. Let (R,m) be a relative Cohen-Macaulay local ring w.r.t a with cd(a, R) =
c and K(R) be its cohomological canonical module. If M is an RCMF R-module w.r.t
a, then for all 0 ≤ i ≤ cd(a,M), the modules Extc−iR (M,K(R)) are either zero or
relative Cohen-Macaulay w.r.t a of cohomological dimension i.
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If we prove the converse inclusion of Corollary 2.6, we can conclude that the finite
direct sum of RCMF modules is an RCMF module. There comes naturally a question
whether the converse is true or not. Of course, it is easy to show that the direct sum of
two relative Cohen-Macaulay modules of the same cohomological dimension is again
a relative Cohen-Macaulay module.
3. The finiteness dimension of modules and relative
Cohen-Macaulayness
In this section, some subjects such as the finiteness dimension fa(M) of M relative
to a and the b-minimum a-adjusted depth λba(M) of M are studied. Note that we
do not assume that b ⊆ a in general. Furthermore, we introduce the ideal a′(M) to
describe arisen problems. We also prove that Faltings’ Annihilator Theorem holds
for relative Cohen-Macaulay R-modules. An important tool in this section is relative
Cohen-Macaulayness w.r.t an ideal. We begin by defining the following notation in
comparability with the notation a(M) used in [6] and [18].
Definition 3.1. Let M be an R-module and a an ideal of R with h := heightM(a).
We set
a′(M) := a′0(M) . . . a
′
h−1(M)a
′
h+1(M) . . . a
′
d(M),
where a′i(M) = AnnR(H
i
a(M)) for all 0 ≤ i ≤ d and i 6= h.
Remark 3.2. Note that if R is a relative Cohen-Macaulay local ring w.r.t a, then
by the above notation we have a′(R) = R. Thus one deduces immediately that
dim(R/a′(R)) = −1. In addition, it follows that fa′(R)(R) =∞.
The following corollary presents an interesting relation to the annihilators of com-
ponents of the filtration of an RCMF module.
Corollary 3.3. Let M be an RCMF module w.r.t a and M = {Mi}
c
i=0 be its cohomo-
logical dimension filtration, where c = cd(a,M). Then
a′i(M) = a
′
i(Mi) = a
′
i(Mi)
for all 0 ≤ i ≤ c with i 6= heightM a.
Proof. Use [14, Proposition 2.12]. 
Corollary 3.4. Let M be a relative Cohen-Macaulay R-module w.r.t a with M 6= aM .
Then f
a′(M)
a (M) = λ
a′(M)
a (M).
Proof. As a′(M) = R, we have fRa (M) = grade(a,M) = λ
R
a (M) by [5, Exercises 9.1.9
and 9.3.3] as desired. 
Remark 3.5. For any finite R-module M such that heightM(a) > 0, we have the
inequality fa(M) ≤ heightM(a) (see [2, Remark 2.7(i)]). It is clear that ifM is relative
Cohen-Macaulay R-module w.r.t a, then fa(M) = heightM(a). But there are some
examples in which fa(M) < heightM(a). Let k be a field and R = k[X, Y
2, XY, Y 3].
The height of the ideal a = (X, Y 2, XY, Y 3)R[Z] + ZR[Z] of the ring of polynomials
R[Z] is equal to 3 whiles the finiteness dimension fa(R[Z]) is 2 (see [5, Example 9.5.3]).
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In the following result, we provide an upper bound for λba(M).
Proposition 3.6. Let M be a relative Cohen-Macaulay R-module w.r.t a such that
Supp(M/aM) \ V(b) 6= φ. Then
λba(M) ≤ heightM(a).
Proof. Let p ∈ Supp(M/aM) \V(b) and q be a minimal prime ideal of a+AnnR(M)
such that q ⊆ p. Then
H ia(M)q
∼= H i(a+AnnR M)Rq(Mq)
∼= H iqRq(Mq)
for all i ≥ 0. By [5, Theorem 6.1.4] and since H
depthMq
qRq
(Mq) is not zero, we conclude
that
depthMq = dimMq.
But dimMq = heightM(a), so that
depthMq = heightM(a).
Now, by definition, λba(M) ≤ depthMq = heightM(a) as required. 
Now, we are in position, to bring our main result of this section which shows that
the Faltings’ Annihilator Theorem holds for relative Cohen-Macaulay modules.
Theorem 3.7. Let R be a Noetherian ring and M be a relative Cohen-Macaulay R-
module w.r.t a such that Supp(M/aM) \ V(b) 6= φ. Then
f ba (M) = λ
b
a(M).
Proof. As M is relative Cohen-Macaulay w.r.t a, it is easy to see that heightM(a) =
cd(a,M) = f ba (M). Therefore by [5, Theorem 9.3.7] and Proposition 3.6, we get
heightM(a) ≤ λ
b
a(M) ≤ heightM(a)
as desired. 
For a particular case of Theorem 3.7, we obtain the following result.
Corollary 3.8. Let (R,m) be a Noetherian local ring. If M is a Cohen-Macaulay
R-module, then fRm (M) = λ
R
m(M).
Proof. It is an immediate consequence of Theorem 3.7, since M is relative Cohen-
Macaulay w.r.t m. 
Remark 3.9. Let I be an ideal of R. Recall that a sequence a1, . . . , an of elements of
R is an I-filter regular M-sequence if ai /∈ p for all p ∈ Ass(M/(a1, . . . , ai−1)M) \V(I)
(i = 1, . . . , n) and Supp(M/(a1, . . . , an)M) \ V(I) 6= φ. It is well-known that the
length of any maximal I-filter regular M-sequence contained in a which is denoted by
I − fgradeM(a) is the least integer i ≥ 0 such that Supp(H
i
a(M)) * V(I), provided
Supp(M/aM) \ V(I) 6= φ (see [1, Theorem 1.13] and P. 38 of [20]). It is easy to see
that if (R,m) is a local ring and a is an ideal of R with Supp(M/aM) \ {m} 6= φ, then
m− fgradeM(a) = min{i ∈ N0 | H
i
a(M) is not Artinian}.
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In the above situation, ifM is a relative Cohen-Macaulay R-module w.r.t a, then since
H
fa(M)
a (M) 6= 0, we get
fa(M) = heightM(a) = m− fgradeM(a).
Therefore H
fa(M)
a (M) is not Artinian. With the notion qa(M) used in [11], since the
top local cohomology module HdimMa (M) is Artinian, we have qa(M) < dimM . In
particular, if H ia(M) = 0 for all i 6= heightM(a), then qa(M) = fa(M).
Although, the top local cohomology modules are almost always non-Artinian as we
have seen in Remark 3.9, we provide conditions to extract an Artinian submodule of
such modules as follows.
Proposition 3.10. Let (R,m) be a local ring and M be a relative Cohen-Macaulay
R-module w.r.t a with heightM(a) = h and dimR(M/aM) = 1. Then H
0
Rx(H
h
a (M)) is
Artinian R-module for some x ∈ m.
Proof. The assumption dim(M/aM) = 1 guaranties the existence of x ∈ m such that
dimM/(a+Rx)M = 0. Considering the following exact sequence
0 −→ H1Rx(H
h−1
a (M)) −→ H
h
m(M) −→ H
0
Rx(H
h
a (M)) −→ 0
[19, Corollary 3.5] and the fact that Hh−1a (M) = 0 we deduce that H
0
Rx(H
h
a (M)) is
Artinian over R. 
In [16, Lemma 2.7], it is proved that fa(M) ≤ s + fa(M/xM) where s is a non-
negative integer and x = x1, . . . , xs is an M-regular sequence. We now provide condi-
tions that this inequality becomes an equality.
Corollary 3.11. Let (R,m) be a local ring and M be a relative Cohen-Macaulay R-
module w.r.t a with c := heightM a. Assume that x = x1, . . . , xs is a regular sequence
on both M and DR(H
c
a(M)). Then fa(M) = fa(M/xM) + s.
Proof. According to definition and [14, Corollary 2.23], we have fa(M) = cd(a,M) and
fa(M/xM) = cd(a,M/xM). Now, the assertion follows by [14, Theorem 2.22]. 
In the remainder of this section, we present a number of corollaries about the finite-
ness dimension fa(M) of M relative to a, where M is a relative Cohen-Macaulay
R-module w.r.t a. In particular, in two corollaries below, we characterize the behavior
of it under some homomorphisms.
Corollary 3.12. Assume that for all integers k ∈ N there is a ring homomorphism
φk : R −→ R such that the inverse system of ideals {φk(a)R}k∈N is cofinal with
{ak}k∈N. If R is relative Cohen-Macaulay w.r.t a, then fa(R) = fφk(a)R(R) for all
k ∈ N.
Proof. First, as the inverse system of ideals {φk(a)R}k∈N is cofinal with {a
k}k∈N, for
all i there exists j such that aj ⊆ φi(a)R ⊆ a. Thus grade(φk(a)R,R) = grade(a, R)
for all k ∈ N. On the other hand, cd(φk(a)R,R) = cd(a, R) for all k ∈ N by [7, lemma
2.1]. Thus R is relative Cohen-Macaulay w.r.t φk(a)R for all k ∈ N. Now, Remark 3.5
completes the proof. 
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Example 3.13. For any Noetherian ring R of positive characteristic, the preceding
corollary is true if we take φk : R −→ R as the Frobenius map.
Corollary 3.14. Let f : R −→ R′ be a faithfully flat homomorphism of Noetherian
rings. If R is relative Cohen-Macaulay w.r.t a, then fa(R) = faR′(R
′).
Proof. By [14, Proposition 3.7], R′ is a relative Cohen-Macaulay ring w.r.t aR′. Now,
apply Remark 3.5 to end the proof. 
To see examples for Corollary 3.14, we refer the reader to [14, Examples 3.9 and
3.10].
Now, we remind two classes of R-modules for which fa(M) = fa(R).
Definition 3.15. (see [8]) An R-module M is called multiplication if for every sub-
module N of M there exists an ideal a of R such that N = aM .
Corollary 3.16. Let R be a relative Cohen-Macaulay ring w.r.t a and M be a faithful
multiplication R-module. Then fa(M) = fa(R).
Proof. Apply [14, Corollary 3.2] and Remark 3.5. 
Definition 3.17. (see [10] and [21]) An R-module M is semidualizing if it satisfies
the following:
(i) M is finitely generated,
(ii) The homotopy map χRM : R −→ HomR(M,M), defined by r 7→ [s 7→ rs], is an
isomorphism, and
(iii) ExtiR(M,M) = 0 for all i > 0.
Corollary 3.18. Let R be a relative Cohen-Macaulay ring w.r.t a and M be a semid-
ualizing R-module. Then fa(M) = fa(R).
Proof. Apply [14, Corollary 3.4] and Remark 3.5. 
At the end, we obtain a result on canonical modules.
Corollary 3.19. Let (R,m) be a relative Cohen-Macaulay local ring w.r.t a and wR
be its canonical module. Then fa(wR) = fa(R).
Proof. By [14, Proposition 3.5], the canonical module wR is relative Cohen-Macaulay
module w.r.t a. Thus the proof is completed by Remark 3.5. 
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